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Abstract
We formulate the baby universe construction rigorously by giving a primordial role to the
algebra of observables of quantum gravity rather than the Hilbert space. Utilizing diffeomor-
phism invariance, we study baby universe creation and annihilation via change in topology.
We then construct the algebra of boundary observables for holographic theories and show that
it enhances to contain an ‘extra’ Abelian tensor factor to describe the bulk in the quantum
regime; via the gravitational path integral we realize this extra tensor factor, at the level of
the Hilbert space, in the context of the Gelfand–Naimark–Segal (GNS) representation. We
reformulate the necessary assumptions for the “baby universe hypothesis” using the GNS
representation. When the baby universe hypothesis is satisfied, we demonstrate that the
“miraculous cancellations” in the corresponding gravitational path integral have a natural
explanation in terms of the character theory of Abelian groups. We find the necessary and
sufficient mathematical condition for the baby universe hypothesis to hold, and transcribe it
into sufficient physical conditions. We find that they are incompatible with a baby universe
formation that is influenced by any bulk process from the AdS/CFT correspondence.
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1 Introduction
Recent developments on the AdS/CFT correspondence have suggested that some theories
of quantum gravity are dual to an ensemble of theories, rather than a unique theory. In
particular, in the case of the Sachdev–Ye–Kitaev model, Euclidean replica wormhole calcu-
lations for Jackiw–Teitelboim gravity in a multi-boundary AdS spacetime [3, 36, 44] have
shed lights on some recent proposals to solve the black hole information paradox such as the
island conjecture [2, 44]. What replica wormholes tell us is that, at least in low dimensions,
the saddles of the Euclidean gravitational path integral carry a lot of information about the
bulk, and in particular, about the Page curve of black hole evaporation. This phenomenon
may not carry over to higher dimensions.
The success of these replica wormhole calculations generated considerable interest in
multi-boundary holographic correspondences. In particular, in [40], Marolf and Maxfield
proposed a model for Euclidean gravity in a spacetime with a fluctuating number of asymp-
totically AdS boundaries, which revived baby universe proposals coming from string theory
[1, 10, 16, 18]. The main point of [40] is that allowing topology changes in the bulk, by
adding or removing a boundary, should affect the Hilbert space of the theory. They propose
a construction for a Hilbert space of baby universes out of the gravitational path integral,
and suggest that the diffeomorphism invariance drastically reduces the dimensionality of this
Hilbert space, because of the quotienting of null states. More recently, McNamara and Vafa
formulated a stronger baby universe hypothesis: the Hilbert space of baby universes in a
unitary theory of quantum gravity in d > 3 spacetime dimensions has dimension one [43].
In this paper, we show that the Marolf–Maxfield construction and the baby universe
hypothesis can be much more precisely understood if the focus is shifted from Hilbert spaces
to the algebra of observables of quantum gravity. In particular, we will show that the Marolf–
Maxfield construction is a particular case of a standard operator algebraic construction called
the Gelfand–Naimark–Segal (GNS) representation.
The Marolf–Maxfield construction implicitly relies on the Marolf–Wall thought experi-
ment [42]. The Marolf–Wall paradox was formulated quite early in the study of entanglement
in quantum gravity, which remains crucial for various analyses. The main point of [42] is that
given a certain number of boundary theories, there is no way to know if they should be seen
as independent theories that are dual to independent bulks, or as pieces of the same theory,
that are allowed to form bulk wormholes with each other. In our setup, this will mean that
the boundary observables will not be enough to describe the dual bulk in a setup where the
number of boundaries can fluctuate.
In particular, we construct a group of baby universe transformations which acts nontriv-
ially on the bulk theory, but trivially on the boundary theory. Diffeomorphism invariance will
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teach us that this group is well-defined and commutative. In order to take this bulk action
into an account, an extra tensor factor will need to be added to the algebras of boundary
observables. This new algebra of baby universes will still be commutative.
We then utilize the gravitational path integral, and the standard operator algebraic tech-
nique of the GNS representation, to reproduce the Marolf–Maxfield construction and build
the Hilbert space of baby universes. In particular, we show that the commutative property
of the baby universe algebra will indeed collapse the Hilbert space a lot: all irreducible GNS
representations will always have dimension one, thus satisfying the baby universe hypothesis.
When the baby universe hypothesis is satisfied, we demonstrate that the “miraculous
cancellations”1 that happen in the corresponding gravitational path integral have a very
natural explanation in terms of the character theory of Abelian groups. This allows us to
derive that the moduli space of pure restrictions of gravitational path integrals to the baby
universe algebra corresponds to the Pontryagin dual of the baby universe group, and that
this space is isomorphic to a k-torus if k boundary structures are allowed. We reinterpret
this moduli space as a group of topological charges, or α-parameters, for the multi-boundary
theory.
We find that the baby universe hypothesis is valid if and only if the theory of baby
universes is not described by an ensemble, which we formulate precisely as in Theorem 1.1.
Theorem 1.1. Let AQG be the algebra of observables of quantum gravity, and suppose thatAQG = Ares ⊗C∗(G). Let ω be a state on AQG. The GNS representation of Ares induced by
ω has dimension 1 if and only if the restriction of ω to C∗(G) is pure.
Based on our further analysis, we give three physical conditions that imply the baby
universe hypothesis to be true when put together. More precisely, we prove the following,
Theorem 1.2.
Theorem 1.2. Let AQG be the algebra of observables of bulk quantum gravity, and ω be a
gravitational path integral state on AQG. Assume
1. for G an Abelian group, AQG = Ares ⊗C∗(G),
2. ω is a pure state on AQG,
3. ω can be factorized as ω = ωres ⊗ ωbaby.
Then, the GNS representation of C∗(G) is one-dimensional.
The C∗(G) corresponds to a group C∗-algebra and Ares is a reservoir algebra of boundary
theories, which will be defined in a precise manner in later sections.
1This concept is introduced in [42] and was adapted in [43].
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The three assumptions underlying the baby universe hypothesis are quite strong. As-
sumption 1 is also necessary for the Marolf–Maxfield construction to work, and amounts
to the validity of the Marolf–Wall thought experiment. We will show that it may require
an approximate theorem for entanglement wedge reconstruction near a black hole horizon.
Assumption 2 means that the theory of quantum gravity should not come from an ensemble
average. Assumption 3 is the strongest one, and requires the baby universe observables and
the boundary observables to have no interaction. We will show that some explicit models
[10, 18] make this assumption break down.
1.1 Organization of the paper
The rest of the paper is organized as follows.
In Section 2, we explain the history of baby universes in quantum gravity and string the-
ory, and give general thoughts on Euclidean baby universes, and their relevance to construct
a dynamical Lorentzian picture through the Wheeler–deWitt equation and modular flow.
We discuss in Section 3 the consequences of diffeomorphism invariance for topological
operations that amount to baby universe creation or annihilation.
In Section 4, we first describe the Marolf–Wall thought experiment, and then use it to
show that the algebra of boundary observables must be enhanced by an Abelian extra tensor
factor to fully describe the bulk at the quantum level.
We utilize in Section 5 the gravitational path integral to realize the Marolf–Maxfield
construction as a the GNS representation of this extra tensor factor.
We turn to the case of the baby universe hypothesis in Section 6. We first show in
Section 6.1 that the necessary and sufficient mathematical condition for it to be valid is when
the gravitational path integral reduces to a pure state on the subalgebra of baby universe
observables. Furthermore, in Section 6.2, we refine the baby universe hypothesis and derive
a theorem with three sufficient physical conditions for it to hold.
In Section 7, we give a mathematical explanation of the “miraculous cancellations” im-
plied by this hypothesis from character theory. We elaborate further from this description to
show that the moduli space of gravitational path integrals that satisfy the baby universe hy-
pothesis (or α-states) can be described by the Pontryagin dual of the group of baby universe
transformations.
We explore in detail the three assumptions of Theorem 1.2 in Section 8. The first assump-
tion in Section 8.1 underpins the Marolf–Maxfield construction, and amounts to the validity
Marolf–Wall thought experiment, which boils down to a hypothetical result on approximate
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entanglement wedge reconstruction. The second assumption, which is explained in Section
8.2, amounts to accepting that a satisfactory theory of quantum gravity should not be de-
scribed by an ensemble. Finally, the third assumption, which is in our opinion the most likely
one to break down, is discussed in Section 8.3 and it amounts to imposing that there is no
possible interactions between baby universe observables and boundary observables.
In Section 9, we summarize and discuss the implications of our results, which questions the
plausibility of the baby universe hypothesis in a realistic physical setup. We also clarify the
issue of whether or not allowing for a fluctuating number of boundaries requires a modification
of the traditional AdS/CFT correspondence.
2 Baby universes and holographic theories
The idea that baby universes can form in quantum gravity traces back to the pioneering work
of Coleman [6]. A baby universe is, roughly speaking, a new piece of a spacetime manifold
that becomes attached to it, either in a connected way (wormholes can branch out) or in
a disconnected way (isolated islands can form). This is due to the works of Giddings and
Strominger [16–18] that link the baby universe to the physics of spacetime wormholes. From
the point of view of quantum theory, it follows that if the creation and annihilation of such
objects is allowed, it has to somehow contribute to the Hilbert space of the theory.
In particular, utilizing tools from string theory, Giddings–Strominger proposed a third-
quantized model which allows for topology changes in a Lorentzian spacetime. By coupling
an axion field to gravity, they showed that at the quantum level, some topology changes
could appear, and that the presence of an axion field could explicitly cause a baby universe
to branch out. A particularly remarkable consequence of this model is its predictive power, as
it shows that the effective potential at low energy has a stable minimum for a vanishing cos-
mological constant. The cosmological constant problem was further linked to the emergence
of wormholes by Preskill in [45], and to the Wheeler–DeWitt equation, which provides a de-
scription of the dynamics of a superposition of large universes interacting with a surrounding
wormhole baby universe gas [24]. When taking a large universe to be the worldsheet of a
fundamental string, the baby universe state is represented by the dynamical target space of
string theory.
Baby universes are then formulated in the context of string theory in [1, 10], where a
precise construction using branes is built. In particular, the construction in [10] is very
explicit in a Euclidean description: the wave function of the multicenter black holes gets
mapped to the Hartle–Hawking wave function of baby universes.
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2.1 Baby universes in Euclidean gravity
We now turn to explaining how the recent revival of baby universes in Euclidean gravity
could lead to a better understanding of Lorentzian quantum gravity in AdS/CFT.
General Relativity on a Euclidean background is given by a Wick-rotated version of AdS
spacetime, which is performed in [7, 8]. In the case of a preferred time direction, the effect
of the Wick rotation will be to transform the Schro¨dinger equation into the heat equation
[54]. When this time direction is compactified, the compactification radius can be interpreted
as the inverse temperature. In particular, this Wick rotation operation preserves the gauge
principle of diffeomorphism invariance, which is crucial for our purposes. Theories of quantum
gravity usually have their vacuum defined in terms of a functional integral over spacetime
metrics. If one wants to formulate a fully satisfactory 4-dimensional theory of quantum
gravity, this functional integral should be performed over Lorentzian metrics, and look like
Z ∶= ˆ
gµν
eiS(gµν) , (2.1)
where S is the Einstein–Hilbert action.
This “manifestly Lorentzian” formalism based on a path integral runs into a lot of techni-
cal difficulties, as the space of Lorentzian metrics on a 4-manifold is very large in general, and
positive-definiteness issues arise due to the presence of null vectors. An alternative is to in-
stead try to look for a Hamiltonian formulation of the theory, which would define 4d quantum
gravity as the time evolution of 3d Euclidean geometries in a preferred time direction.
This is the basic idea of the definition of the Hartle–Hawking state [20, 21], which is a
quantum superposition of 3d geometries. Such a state should satisfy the Wheeler–deWitt
equation [9]
H ∣Ψ⟩ = 0, (2.2)
where ∣Ψ⟩ is the Hartle–Hawking state, and H is a Hamiltonian derived from the constraint
equations of General Relativity. These constraints are derived from the Arnowitt–Deser–
Misner (ADM) formalism [4].
The ADM formalism defines canonical variables for General Relativity. In particular, for
a globally hyperbolic spacetime, one can consider a foliation of spacetime of the form
gµνdx
µdxν = (−N2 + βkβk)dt2 + 2βkdxkdt + hij, (2.3)
where hij is a Euclidean 3-metric, N is the lapse function, and β is the shift vector. Through
the Einstein–Hilbert action, one can define a canonical momentum piij associated to the Eu-
6
clidean metric hij. The Gauss–Codazzi constraint equations on the embedding of a spacelike
hypersurface at a constant time can be translated into a Hamiltonian constraint on the canon-
ical variables. When canonically quantized, this constraint gives rise to the Wheeler–deWitt
equation.
In the case of an asymptotically AdS spacetime, we have to be a bit more careful, as
AdS is not globally hyperbolic, and cannot be foliated in such an easy way. However, by
specifying higher derivatives of this asymptotic metric [32], one can get rid of this issue and
obtain a well-defined evolution problem. One can then use the Hartle–Hawking state, start
with a state in a quantum theory of a time slice of AdS, which could be assimilated to a
hyperbolic space described by a Euclidean AdS spacetime compactified in Euclidean time,
and use the Wheeler–deWitt equation to choose a Hartle–Hawking state. This gives rise to
a static picture [53], and the Wheeler–deWitt equation itself does not create any Lorentzian
time flow. However, inspired by [37] as well as a modern approach via entanglement entropy
[27], we expect the modular flow of the Hartle–Hawking state to be able to describe an extra
time dimension.
In such a Hamiltonian context, baby universe formation could arise dynamically, since
in the Schro¨dinger picture, Hamiltonian evolution can allow to go from a state describing a
smooth bulk spacetime with a certain topology to a state describing another smooth bulk
spacetime with another topology. In particular, it could be possible to evolve between two
semiclassical states with different topologies in finite time through some gravitational instan-
tons, as described in [18]. In this paper, we set up a precise framework to describe such
topology changes directly in terms of the algebra of observables.
Such a Hamiltonian framework may not be fully replaced by simply considering a Eu-
clidean path integral from Wick-rotated spacetime. There are additional inherently quantum-
mechanical effects which are not visible at semiclassical order. Including those will likely en-
able the path integral to factorize, and these effects will not always be captured in Euclidean
gravity. However, for the case of (1 + 1)-dimensions, the Euclidean path integral provides a
good approximation, yet in higher dimensions, this does not carry over. In low dimensions,
QCD, for example, exhibits normalizable conditions. Even generically, in low dimensions, the
Euclidean path integral formalism sometimes provides good enough descriptions for quan-
tum mechanical settings. For higher dimensional operators, the additional quantum features
needed are non-normalizable for gravity. The difference between the low and high dimensions
is due to the lack of tools that carry over such as the Page curve methods, or more generally
speaking, how to get the wormholes. At least for the replica wormholes in three-dimensions,
we expect to have a mathematical generalization to occur with a similar mechanism via
Kleinian uniformization.
In the specific case of a 4d bulk spacetime, we hope to give a more precise description
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of such phenomena in future work, by utilizing Kleinian uniformizations to describe the 3d
Euclidean geometries. Indeed, the space-like hypersurfaces will then have dimension 3, and
their corresponding boundaries will have dimension 2, and hence the boundary CFT’s on
each time slice will be described by Riemann surfaces. In the case of a spacetime with a
single boundary, these Riemann surfaces can be obtained by uniformizations of the Riemann
sphere by Schottky groups [39], and are topologically dual to handlebodies in AdS3. For each
given boundary topology, these handlebodies can then parameterized by the moduli space of
Schottky uniformizations [39], which corresponds to variations of the bulk geometry. In the
case of a bulk with multiple boundaries, one needs a more general class of uniformizations
to describe the different bulk handlebodies. We expect that the general theory of Kleinian
groups will be the right framework to describe such situations, and will return to this setup
in future work.
3 Diffeomorphism invariance and bulk topology
In this section, we give a precise definition of baby universes in terms of wormhole creation
and annihilation through connected sums and gluings. We then argue that the requirement
of diffeomorphism invariance for a theory of quantum gravity has important consequences in
terms of commutativity and associativity of these transformations.
3.1 Connected sums and gluings
The idea of baby universe formation ultimately amounts to having a topology change in the
bulk. We now describe the mathematical operations associated to baby universe transforma-
tions. The way a baby universe comes into play is through a connected sum with a (maybe
empty) component of spacetime. Conversely, the disappearance of a baby universe happens
through a gluing of two boundaries of the currently existing spacetime.
First, the creation of a baby universe can be modelled through a connected sum operation
with a manifold with one boundary. A connected sum A#B glues two manifolds A and B
together by removing disks from them and gluing them along the disks. An example of a
connected sum is depicted in Figure 3.1. There is essentially two possibilities for our baby
universe when it is created: it either gets in a connected sum with a pre-existing piece of the
spacetime manifold, or lives on its own. We emphasize that in this latter case, one should
not see the independence of the baby universe as nothing happening to the rest of the bulk:
physically, a baby universe has still appeared, and it will be the crucial point of our analysis
that the underlying bulk theory must know about this. We emphasize this fact by writing
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that when the baby universe U appears as an isolated island, it is still coupled to the bulk
through the connected sum U#∅.
Figure 3.1: The connected sum operation. The two blue disks are removed from the hyper-
bolic handlebodies with red conformal boundaries. The handlebodies are then glued together
along the holes.
Figure 3.2: The gluing operation. The two red conformal boundaries are sown together.
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Similarly, when a baby universe disappears from the bulk theory, it can be seen as hap-
pening through a gluing of one of the boundaries of the manifold with another manifold with
an identical boundary. We will write such an operation A ∼ B. We demonstrate an example
of a gluing operation in Figure 3.2.
3.2 Consequences of diffeomorphism invariance
The operations # and ∼ of connected sums and gluings describe how the creation or annihi-
lation of a baby universe arises. Now, these operations act at the level of the topology of the
spacetime manifold, rather than its geometry, and one could imagine a lot of different ways
of performing them. In particular, there is a priori no reason to believe that such transfor-
mations will be controllable in a nice way in a theory of gravity. In what follows, we will
show that in fact, if we believe that our theory of gravity is diffeomorphism invariant, the
connected sum and gluing operations will inherit a very nice structure.
Diffeomorphism invariance is a key feature of gravity theories. The easiest way to notice
it is to realize that the Einstein–Hilbert action of General Relativity is invariant under dif-
feomorphism transformations. This diffeomorphism invariance property is believed to hold
in the quantum gravity realm: in the semiclassical limit of a large class of quantum gravity
theories, including the AdS/CFT correspondence, the Einstein equations (hence diffeomor-
phism invariance) emerges from the entanglement structure of the theory [11, 32]. Similarly,
in string theory, anomaly cancellation implies that the target space satisfies the Einstein
equation, and thus possesses diffeomorphism invariance.
Let us now explore the consequence of diffeomorphism invariance for our connected sum
and gluing operations. First, we have the following result from differential topology [25].
Theorem 3.1. The connected sum operation does not depend on where it is performed on
a connected manifold, up to diffeomorphism. If two boundaries are identical, the gluing
operation does not depend on the boundary it is performed on within the same connected
component of a manifold, up to diffeomorphism.
This result shows that the connected sum of two manifolds can be defined in a unique way
in a diffeomorphism invariant theory. In other words, the very large number of possibilities
that arise when the connected sum of two manifolds is to be performed is completely gauged
out by diffeomorphism invariance. Actually, we have an even stronger result:
Theorem 3.2. The connected sum and gluing operations are mutually associative and com-
mutative, up to diffeomorphism.
This result means that the outcome of several connected sum or gluing operations per-
formed in a row will depend neither on the order, nor on the place where the operations are
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performed. This will have the utmost importance in the rest of our discussion.
4 The algebra of bulk observables
So far, our discussion on baby universes has been quite general. In particular, while we
specified that creating a baby universe amounts to adding a new boundary to the theory,
we have not explicitly implied that our theory of gravity should be described by any specific
holographic duality. We now leave the realm of general considerations to focus specifically
on what allowing for baby universe creation and annihilation implies in a theory of quantum
gravity described by a multi-boundary AdS/CFT correspondence.
In this section, we use the AdS/CFT correspondence to construct the algebra of observ-
ables of a bulk theory that allows for the creation and annihilation of baby universes, and
therefore a fluctuating number of boundaries. Our starting point will be the Marolf–Wall
paradox.
4.1 The Marolf–Wall paradox
Here we reformulate the paradox of [42] in a different manner, and show that it is relevant
to our discussion on baby universes. Let A be the algebra of observables associated to one
boundary CFT. In order for our explanation to be as clear as possible, we will start with the
given data of only two identical boundaries, hence the boundary algebra will be of the formA⊗A.
The fundamental puzzle Marolf and Wall are pointing out is that only the knowledge
of the algebra A ⊗ A does not make it possible for an observer to differentiate between a
situation where this tensor product describes two different theories of quantum bulks with
one boundary, or a single theory of a quantum bulk with two boundaries. In the former case,
the two bulks will always be independent, whilst in the latter case, wormhole geometries
between the two will be allowed in the gravitational path integral. A tempting resolution of
the paradox is to say that the answer depends on the state2 of the system: if it is entangled,
then there will be wormhole contributions. However, what Marolf and Wall demonstrate is
that this is only an artifact that leaves the real problem unchanged.
More precisely, let us sketch the thought experiment proposed by Marolf and Wall. Let
us say that the overall state of the system is known and is a thermofield double state [26].
2The precise definition of a state on an algebra of observables without a reference to a Hilbert space will
be given in the next section.
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Then, the standard argument [26, 52] shows that the bulk dual when the two boundaries are
thought of as being part of the same theory is a wormhole.
Let us say Alice jumps into the right side of such a two-sided black hole. An omnipotent
agent creates Bob on the left side (by using the left CFT and entanglement wedge reconstruc-
tion) and throws him into the black hole, so that Alice and Bob meet inside, and very close
to the horizon. Then, there exists an observable P1 in the black hole interior that gives 1 if
Alice and Bob have met and 0 else, and in this case, P1 will be 1 with very high probability
in the thermofield double state. We demonstrate this scenario in Figure 4.1.
Bob
Alice
Figure 4.1: A two-sided semiclassical wormhole corresponding to a thermofield double state.
On the right, Alice jumps into the black hole, and one can engineer an operator that acts on
the left CFT and creates Bob in such a way that he will meet Alice in the black hole.
Bob-like
Object?
Alice
CFTR
Bob
CFTL
Figure 4.2: The thermofield double state in the case where the boundaries describe two sep-
arate bulks. Assuming approximate entanglement wedge reconstruction close to the horizon,
there exists an operator on the right CFT that asks whether Alice meets a “Bob-like object”.
This operator commutes with the operator that creates Bob.
Now, let us suppose the two CFTs (both left and right CFTs) describe two independent
bulks. Then, even in the thermofield double state, if Alice jumps inside a black hole, and we
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assume that very close to the horizon, the interior can approximately be reconstructed only
on the right of the boundary3, the encounter with “a Bob-like object” near the horizon will
be described by an operator of the right CFT only, and in particular an observable P2 that
measures whether or not Alice finds “a Bob-like object” in the black hole will be described
by an operator of the right CFT. The creation of Bob, on the contrary, will be described by
a unitary operator of the left CFT only. As such, the conjugate action of this operator on
P2 will leave it unchanged, and the probability that Alice sees a Bob inside the black hole
will stay close to zero, even in the thermofield double state. This implies that P1 cannot be
the same as P2, which would be the case if the two situations were described by the same
algebra of observables A⊗A! We demonstrate this scenario in Figure 4.2.
As a result, the two boundary algebras, even in a given state, cannot contain enough
information to determine whether or not the theory is seen as a theory of a quantum bulk
with two boundaries, or two theories of a quantum bulk with one boundary. In the former
case, topologies can interact through entanglement and wormholes can be formed, whereas
in the latter case, these interactions are forbidden. The resolution Marolf and Wall propose
to the paradox is that the tensor product A⊗A cannot be used to describe the bulk on its
own, and that an extra tensor factor S of “superselection sectors” must be added.
4.2 The Abelian group of baby universes
Let us draw the consequences of the Marolf–Wall paradox, and use them to construct an
appropriate setup for a bulk theory with baby universes. Consider a reservoir algebra of
boundary theories
Ares ∶=⊗
b
∞⊗
n=1Anb ⊗⊗b ∞⊗n=1Anb . (4.1)
The extra index b accounts for the different boundary structures that one allows in the
theory. The algebras Anb are seen as conjugates of the corresponding Anb : when both these
algebras are seen as dual to the same bulk, both boundaries are annihilated (i.e. they do not
interact with the bulk theory anymore) and the bulk gravitational path integral is performed
over geometries for which the two boundaries are glued together. What the Marolf–Wall
thought experiment tells us is that the algebra Ares does not contain enough information to
determine which AdS/CFT dictionary one should use: which boundaries should be seen as
dual to the same bulk theory that is under consideration, and be allowed to form wormholes
together in the gravitational path integral, and which should be dual to independent bulk
theories. Actually, there is quite a bit of choices for such a dictionary. However, a lot of these
3Such an assumption requires an approximation theorem for entanglement wedge reconstruction. We
come back to this problem in the last section of this paper.
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choices are diffeomorphism-equivalent. In fact, the properties of connected sums tell us that
all configurations where the same number of boundaries of each type (conjugate boundaries
counting negatively), is dual to the considered bulk, are diffeomorphism-equivalent.
However, the number of boundaries of each type does make a difference, even after taking
into account diffeomorphism (gauge) equivalence. In other words, there is a one-to-one
correspondence between the possible numbers of boundaries of the bulk theory and the
choices of AdS/CFT dictionary up to diffeomorphism. If one wants to allow for baby universe
creation and annihilation, i.e. for changes of AdS/CFT dictionary, there must exist a free
action of some transformations on the algebra of bulk observables, that correspond to adding
or removing a boundary in the bulk theory.4 One should remember that removing a boundary
can be seen as adding a conjugate of this boundary, and gluing the two boundaries together
to annihilate them.
Let us describe the structure of these baby universe transformations. The baby universe
transformations allow or forbid some boundaries to form wormholes between each other
in the gravitational path integral. More precisely, they act in the following way: if the
boundaries A1b , ⋯, Anb are interacting through wormholes in the bulk theory, an elementary
baby universe transformation of type b adds the boundary An+1b , while its inverse removes Anb .
Similarly, if the bulk contains conjugate boundaries A1b , ⋯, Anb , an elementary baby universe
transformation of type b removes Anb , while its inverse adds the boundary An+1b . Crucially,
we saw that the corresponding operations of connected sums and gluings can be composed
in an associative and commutative way because of diffeomorphism invariance.
This means that diffeomorphism invariance tells us something extremely strong: due
to the properties of gluing and of the connected sum, the baby universe transformations
form an Abelian group! More precisely, if we allow for k different boundary structures, the
baby universe transformations will act as a free Abelian group with k generators, which is
isomorphic to Zk. The generators then correspond to adding a boundary of a given type
to the AdS/CFT dictionary. As we shall see, the group structure, and in particular the
commutativity, will have a crucial importance in the construction of the baby universe Hilbert
space and the formulation of the baby universe hypothesis.
The Marolf–Wall paradox shows that there is no way to determine whether or not a
boundary has been allowed to form bulk wormholes and play the role of a baby universe just
by looking at the boundary reservoir algebra Ares. In particular, it follows that the baby
universe transformations will act on it trivially. Since the baby universe transformations have
a nontrivial (free) action on the bulk observables, we are bound to conclude that the algebra
4These transformations can be assimilated to the mutually commuting operators that factor out of the
Lagrangian in Coleman’s initial approach [6], or the operations denoted by Z[J] and Z∗[J] in [40].
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of observables of bulk quantum gravity AQG satisfies:
AQG ≠ Ares. (4.2)
4.3 The baby universe algebra
We saw that diffeomorphism invariance allows for a well-defined free action of a baby universe
group G on the algebras of observables of quantum gravity, and that the action of this group
amounts to adding and subtracting boundaries in and out of the bulk theory. This group
has a trivial action on the boundary reservoir algebra Ares, but a nontrivial action on the
observables of quantum gravity, which implies that the reservoir algebra must be extended
in order to fully describe the bulk theory. A natural way to do so is to take G copies of the
algebra of boundary observables indexed by G through a direct sum operation. Then, the
algebra of observables of quantum gravity becomes
AQG ∶=⊕
G
Ares, (4.3)
where the bar denotes a norm completion. Indeed, from the Marolf–Wall paradox, we know
that every choice of AdS/CFT dictionary is operationally inequivalent, and should correspond
to a different sector of the theory. This means that each term in the direct sum corresponds
to a distinct choice of dictionary. The baby universe group element g then acts on AQG by
taking an observable A in one of the direct sum terms indexed by g0 ∈ G to to the identical
observable A in the term gg0.
Let us now give an explicit algebra structure on AQG. The addition law is trivial, however
the multiplication law requires a bit more explanation. Take two elements Ag1 and Bg2 ofAQG, which are in the direct sum terms indexed by g1 and g2 respectively. The multiplica-
tion Ag1Bg2 is defined as the operator AB, in the direct sum term indexed by g1g2. This law
induces a well-defined algebra structure on AQG.5 In particular, the baby universe transfor-
mation associated with a given group element g can be identified with the identity operator
of the direct sum element indexed by g.
In order to construct the baby universe observables, one has to notice the following fact:
the algebra AQG can also be written as
AQG = Ares ⊗C∗(G), (4.4)
where C∗(G) is the group C∗-algebra of G.
5Mathematically, we are rehearsing a crossed product construction for a trivial group action.
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The group C∗-algebra is defined in the following way. Consider a group G. One can
formally consider the algebra of formal linear combinations of elements on the group,
C[G] ∶= { n∑
i=1 λigi, λi ∈ C, gi ∈ G} , (4.5)
with the multiplication law given by the group multiplication. This set is called the group
algebra of G. In particular, for the commutative free group with k generators Zk, which
corresponds to the baby universe group in the case where k boundary structures are allowed,
C[Zk] will be isomorphic to the algebra of polynomials with k variables and positive and
negative powers. In the simplest case where only one boundary structure is allowed in the
reservoir, the group algebra C[Z] will be isomorphic to the space of Laurent series in one
variable.
We have almost constructed the group C∗-algebra. However, we must bear in mind that
in the end, we want to construct the Hilbert space of the theory, on which we will need to
put a norm. In order for the additional topological structure of the Hilbert space to be well-
defined, we need to do a little more with the group algebra, and endow it with an involution ∗
(corresponding to taking the group inverse of each group element and the complex conjugate
of each scalar) and a norm structure that satisfies the identity
∥x∗x∥ = ∥x∥2, (4.6)
so that it becomes a C∗-algebra.
It turns out that representation theory arguments [5, 46] show that there exists a unique
way to construct such a norm on a group algebra. Then, the completion of the group algebra
with respect to this canonical norm gives a group C∗-algebra, which will be noted C∗(G) and
contains enough structure to construct Hilbert spaces. If G is Abelian, it is straightforward
to see that the corresponding group C∗-algebra will also be Abelian, and this fact will be
crucial for the last part of our analysis.
Let us now exhibit an explicit isomorphism
⊕
G
Ares ≃ Ares ⊗C∗(G). (4.7)
Any element A0 in the direct sum term indexed by 0 is sent to A0 ⊗ 1, and vice versa. The
baby universe transformations, which can be seen as the identity operator on the direct sum
term indexed by g, are sent to Id⊗ g, and vice versa.
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Then, by considering two elements, we can have an operation
(A⊗ g1)(B ⊗ g2) = AB ⊗ g1g2, (4.8)
which corresponds to the observable AB in the direct sum term indexed by g1g2 under this
isomorphism. This shows that the two algebra structures indeed coincide, and that the
algebra of observables of quantum gravity can be written as
AQG = Ares ⊗C∗(G). (4.9)
Via this construction, we have identified the algebra of baby universe operators with the
group C∗-algebra
Ababy = C∗(G), (4.10)
where G is the group of baby universe transformations.
5 The Hilbert space of baby universes
The analysis of the last section culminated in the construction of the algebra of observables
of bulk quantum gravity theory
AQG ∶= Ares ⊗C∗(G), (5.1)
where Ares is the reservoir algebra, and C∗(G) is the group C∗-algebra of the baby universe
group G, G being isomorphic to Zk if k different boundary structures are allowed. This baby
universe algebra Ababy = C∗(G) corresponds to the baby universe observables, which, as the
Marolf–Wall thought experiment teaches us, cannot be contained in the boundary reservoir.
We now want to construct the Hilbert space of baby universes out of this new alge-
bra. Such a construction requires an extra input: a state on the algebra AQG, which is the
equivalent of the gravitational path integral in our setup. In this section, we define a grav-
itational path integral as a state on AQG, and mimic Marolf–Maxfield’s construction of the
baby universe Hilbert space through a standard technique in C∗-algebra theory and algebraic
quantum field theory called the GNS construction.
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5.1 The gravitational path integral and the GNS construction
In a physical Hilbert space, there is always a reference state, which corresponds to the
vacuum of the theory: typical examples include the QFT vacuum or a thermal state. This
reference state actually comes about naturally when one thinks of the Hilbert space as not
being the fundamental object of the quantum theory, but as being derived from its algebra
of observables. Indeed, in order to derive a Hilbert space from a C∗-algebra, one has to
perform the so-called GNS construction with respect to an abstract state on the algebra of
observables, which is defined as an expectation value functional. In a theory of quantum
gravity in the bulk, this role is played by the gravitational path integral, which associates to
each bulk operator its expectation value by “summing over geometries”.
Formally, the gravitational path integral ω is a state on the algebra of observables AQG,
i.e. it is a continuous linear functional that satisfies
ω(Id) = Id, (5.2)
and for A ∈ AQG,
ω(A∗A) ≥ 0. (5.3)
There are many possible choices of such a state, and the space of states can be very big in
general. That is the reason why picking a state (in our case, a gravitational path integral) is
an important piece of information that will change a lot of the physics. Now, say that that
we are given the algebra AQG and a state (i.e. gravitational path integral) ω on it. This
is enough data to construct a Hilbert space for the theory, through the GNS construction,
which we proceed to explain.
The GNS representation constructs the Hilbert space directly out of the algebra: to each
element A ∈ AQG, we formally associate a vector ∣A⟩. Now, we consider the linear span of
such vectors, and we define an inner product through the gravitational path integral ω (in
an intuitive manner) as
⟨A,B⟩ ∶= ω(A∗B). (5.4)
The property
ω(A∗A) ≥ 0 (5.5)
ensures that this inner product is positive, however it need not be positive definite. We then
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need to quotient out the null states, as similarly performed in [40]. Define
I ∶= {A ∈ AQG, ω(A∗A) = 0} . (5.6)
The GNS Hilbert space is then given by the quotient
H ∶= AQG/I , (5.7)
equipped with the induced inner product, which is now positive definite. The requirement
that AQG is a C∗-algebra is enough to prove that H is indeed a Hilbert space [51]. In
particular, the vector ∣Ω⟩ that arises from the equivalence class of the identity in this quotient
satisfies
⟨Ω∣A ∣Ω⟩ = ω(A), (5.8)
for any A ∈ AQG, and therefore should be seen as the vacuum state of the Hilbert space.
The claim of Marolf–Maxfield is that in the case of baby universes, the quotient oper-
ation will actually dramatically collapse the Hilbert space. The Baby universe hypothesis
of McNamara–Vafa is even stronger, as it states that the baby universe part of the Hilbert
space is of dimension one. In what follows, we show that these claims actually follow very
naturally from the fact that the baby universe C∗-algebra is commutative: its GNS theory
will then show similar collapse features.
5.2 Reduction to an Abelian GNS construction
Let us now try to apply the GNS construction to our case. Recall that the algebra of quantum
gravity observables AQG takes the form:
AQG ∶= Ares ⊗C∗(G), (5.9)
where C∗(G) is the commutative C∗-algebra of baby universes. In order to construct the
Hilbert space, we need the extra input of the abstract state ∣ω⟩ (expectation value functional)
from which the gravitational path integral arises.
In particular, ω restricts to C∗(G), and one can take the GNS representation of C∗(G)
with respect to ω to construct the baby universe Hilbert space. Here comes the crucial point:
recall that the algebra of baby universe observables C∗(G) is commutative. The problem of
understanding the structure of the baby universe Hilbert space boils down to understanding
the GNS theory in the Abelian case. Fortunately enough, in this case, a lot can be said,
especially about the baby universe hypothesis.
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6 Refined baby universe hypothesis
We now consider the baby universe hypothesis formulated by McNamara–Vafa in the con-
text of the GNS representation and our formalism. We refine the baby universe hypothesis
utilizing the GNS representation and the formalism we have built in Section 6.1, and find
the necessary and sufficient mathematical condition for the baby universe hypothesis to be
valid in Section 6.2. We further study its physical validity and derive a theorem with three
physical conditions for the baby universe hypothesis to hold.
6.1 The baby universe hypothesis as a purity requirement
We first recall the baby universe hypothesis by McNamara–Vafa.
Hypothesis 6.1 (Baby universe hypothesis [43]). Let HBU be the Hilbert space of baby
universes in a unitary theory of quantum gravity in d > 3 spacetime dimensions. Then we
have dimHBU = 1.
It follows from the previous discussion that in our framework, the baby universe hypoth-
esis transforms into the following statement:
Hypothesis 6.2 (Baby universe hypothesis, reformulation 1). Let ω be the gravitational path
integral state on the algebra of observables of quantum gravity AQG. A GNS representation
of the baby universe algebra C∗(G) arising from ω has dimension one.
In other words, in order to determine when the baby universe hypothesis is true, one needs
to know when a state on a commutative C∗-algebra gives rise to a the GNS representation
of dimension one. The answer is beautiful and simple utilizing the following theorem, which
is reformulated from [50, Corollary 3.6].6
Theorem 6.3. Let A be a commutative C∗-algebra and ω be a state on A. The GNS repre-
sentation of A has dimension one if and only if it is irreducible.
We note that this theorem is completely false if A is not required to be commutative:
there could very well exist representations of A that are irreducible but have a dimension
much higher than one! As a result, the fact that the GNS construction collapses so much
of the Hilbert space in the baby universe case can be traced back to the fact that the baby
universe algebra C∗(G) is commutative, which itself, as we saw, comes from diffeomorphism
invariance. In other words, diffeomorphism invariance forces the baby universe hypothesis to
be true in any irreducible GNS representation of the algebra of baby universes!
6Stormer formulates this result in terms of pure states. The rest of our subsection clarifies the equivalence
between the two formulations.
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We have shown the following reformulation of the baby universe hypothesis:
Hypothesis 6.4 (Baby universe hypothesis, reformulation 2). Let ω be the gravitational path
integral state on the algebra of observables of quantum gravity AQG. The GNS representation
of the baby universe algebra C∗(G) arising from the restriction of ω to C∗(G) is irreducible.
Now, what does it mean for a state on a C∗-algebra to have an irreducible GNS repre-
sentation? It turns out that the answer to this question is once again very simple. Recall
that the space of states on a C∗-algebra is the space of expectation value functionals on this
algebra. The space of states is a convex space, as a convex combination of expectation value
functionals is an expectation value functional. As a result, this space has extremal points,
i.e. points which can not be expressed as a convex combination of two other ones. This is
the abstract definition of a pure state, as a state that cannot be expressed as a statistical
mixture of other states. The following theorem is a well-known fact in C∗-algebra theory:
Theorem 6.5. Let A be a C∗-algebra, and ω be a state on A. The GNS representation of ω
is irreducible if and only if ω is pure.
This theorem, put together with our second reformulation of the baby universe hypothesis,
justifies our final reformulation:
Hypothesis 6.6 (Baby universe hypothesis, reformulation 3). The gravitational path integral
arises from a state ω whose restriction to the baby universe algebra is pure.
Note that here, a clear bridge can be drawn between the baby universe hypothesis and the
question whether the baby universe theory should be described as an ensemble of theories.
Indeed, the space of states on a C∗-algebra is a bit more than a convex space: it is a Choquet
simplex. This means that every state ω on the baby universe algebra Ababy can be written
as a formal integral over the space of pure states:
ω = ˆ
ϕ pure
ϕdµ(ϕ), (6.1)
for a certain measure µ on the space of pure states. In terms of the GNS representations,
this will be translated into a direct integral decomposition of the GNS Hilbert space:
Hω = ˆ ⊕Hϕdµ(ϕ), (6.2)
where theHϕ are irreducible GNS representations (in our case, dimension one Hilbert spaces).
Each member of this direct integral decomposition, or equivalently of the decomposition of
ω, determines one member of the ensemble of theories that is averaged over. This ensemble
contains one element if and only if ω is pure, which is equivalent to the baby universe
hypothesis.
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Therefore, the baby universe hypothesis is valid if and only if the theory of baby universes
is not described by an ensemble. However, we emphasize that the gravitational path integral
on the whole algebra AQG corresponding to a pure state does not exactly correspond to the
baby universe hypothesis. Indeed, the baby universe hypothesis assumes that the restriction
of this state to the algebra of baby universes Ababy is pure. In particular, this would imply
that ω can be written as7
ω = ωres ⊗ ωbaby. (6.3)
In other words, a necessary extra assumption in order for the baby universe hypothesis to be
satisfied is that the gravitational path integral factorizes, in the form:
ZQG = ˆ
CFT
D[φ]e−S[φ] ˆ
baby
D[b]e−S[b]. (6.4)
This implies that the formation of the baby universes cannot be influenced by the boundary
observables, which we will explain in detail in Section 8.3.
6.2 Baby universe theorems
Based on our analysis in Section 6.1, we first state Theorem 1.1 that formulates a condition
of purity that is the only required criterion for the baby universe hypothesis to be valid.
Investigating this theorem in the context of physical setups, we interpret this purity require-
ment into sufficient conditions on a gravitational path integral state. This involves satisfying
the assumptions as listed in Theorem 1.2. We will discuss the physical validity of these
assumptions in Section 8.
Theorem 1.1. Let AQG be the algebra of observables of quantum gravity, and suppose thatAQG = Ares ⊗C∗(G). Let ω be a state on AQG. The GNS representation of Ares induced by
ω has dimension 1 if and only if the restriction of ω to C∗(G) is pure.
Theorem 1.2. Let AQG be the algebra of observables of bulk quantum gravity, and ω be a
gravitational path integral state on AQG. Assume
1. for G an Abelian group, AQG = Ares ⊗C∗(G),
2. ω is a pure state on AQG,
3. ω can be factorized as ω = ωres ⊗ ωbaby.
Then, the GNS representation of C∗(G) is one-dimensional.
7For a proof, see [51, Lemma 4.11].
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Recall that the first assumption amounts to the Marolf–Wall proposal, which will be
discussed in Section 8.1. The second assumption states that the theory is not described
by an ensemble, but by a single Hamiltonian. In particular, we showed earlier that this
amounted to the GNS representation of ω being irreducible. We discuss the validity of the
second assumption in Section 8.2. Finally, the third assumption requires the factorization
of the gravitational path integral between the baby universe observables and the other ones.
The third assumption is discussed in Section 8.3.
7 “Miraculous cancellations” and α-parameters
With the constructed algebra of the baby universe observables, we explain its usage and
applications in the baby universe formalism. In Section 7.1, we first utilize the Pontryagin
theory of Abelian groups to explain the “miraculous cancellations” of the bulk topologies as
a natural consequence of character theory. Then in Section 7.2, we interpret the group of
baby universe transformations as a global symmetry group and we link the Pontryagin dual
of the group with the theta vacua and the α-parameters.
7.1 “Miraculous cancellations” from character theory
One question remains: if the baby universe hypothesis is true, and the gravitational path
integral arises from a state whose restriction to the algebra of baby universe observables
C∗(G) is pure, then, what should such a state look like? Once again, the theory of Abelian
C∗-algebras comes to the rescue:
Theorem 7.1 (Proposition 4.4.1, [29]). An state ω on an Abelian C∗-algebra A is pure if
and only if it is multiplicative, i.e., for A and B in A:
ω(AB) = ω(A)ω(B).
This is the exact equivalent of the claim of McNamara–Vafa that when the baby universe
Hilbert space has dimension one, the correlation functions of the effects of adding two bound-
aries factorize. They argue that this requires “miraculous cancellations” of contributions of
different topologies in the bulk. Here, we attempt to show a little bit more explicitly how
this “miracle” can happen.
Recall that the baby universe algebra C∗(G) is defined as the group C∗-algebra of G,
where G is the group of baby universe transformations. In particular, a dense subset of
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C∗(G) is defined by the space of formal linear combinations of elements of G, of the form
x = n∑
i=1 λigi. (7.1)
It follows that a continuous linear functional on C∗(G) is entirely determined by its values
on the elements of G. The problem then boils down to finding all multiplicative functions
from G to the unit circle (they have to land in the unit circle in order to fulfil the norm 1
condition). This is a well-known mathematical object:
Definition 7.2. Let G be a locally compact Abelian group. The space of continuous multi-
plicative functions from G to the unit circle is the Pontryagin dual of G, that we denote by
Gˆ. Elements of Gˆ are called characters.
Therefore, the space of all pure states on the baby universe algebra is isomorphic to the
Pontryagin dual of the baby universe group G. It is easy to see that in the case where the
gravitational path integral is defined by a character, “miraculous cancellations” mentioned in
[42, 43] will indeed take place: if g is an element of the group G that creates and annihilates
some baby universes, and g−1 is its inverse and does the inverse creations and annihilations,
the norm 1 condition together with the equality
1 = ω(g−1g) = ω(g−1)ω(g) (7.2)
will imply that the path integral contributions of these two elements will be complex conju-
gates! It is this conjugate property that amounts to the cancellation of a tremendous amounts
of bulk contributions, and allows the bulk path integral to factorize.
In the case where k boundary structures are allowed, the baby universe group G is the
free Abelian group with k generators Zk. As characters are multiplicative, their values are
entirely determined by the ones they take on the generators of G. As a result, the space of
pure states on the baby universe algebra when k boundaries are allowed is isomorphic to k
copies of a circle, i.e. a k-torus. In particular, if only one boundary is allowed, then the space
of pure states is isomorphic to a circle.
It is then fascinating to us to see that whilst the space of states on an Abelian group
C∗-algebra is extremely large, the moduli space of states which satisfies the baby universe
hypothesis is reduced to a compact, finite-dimensional manifold. Out of the many possible
path integrals, the baby universe hypothesis singles out a very small amount of chosen ones,
which will cancel the observables in the algebra of baby universes enough that they all collapse
into a trivial tensor factor at the level of the Hilbert space. Just like a swampland condition,
the baby universe hypothesis seems to invalidate almost every possible choice of gravitational
path integral.
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7.2 The global symmetry group and α-parameters
In this subsection, we reinterpret the group G of baby universe transformations as a global
symmetry group for our theory. We show that its Pontryagin dual Gˆ labels the superselection
sectors of the theory, and draw an analogy with the θ angle in QCD.
Suppose that the restriction of the gravitational path integral to the baby universe algebra
is a pure state ω. Then, we saw in the previous subsection that ω was a character of the
Abelian group of baby universes G = Zk, k being the number of allowed boundary structures.
Take an observable of quantum gravity O ∈ AQG. This observable O has the form
O =∑
p
apAp ⊗Bp, (7.3)
where Ap ∈ Ares and Bp ∈ Ababy. After the action of the baby universe element
g = k∑
i=1nigi, (7.4)
with ni ∈ Z and gi being the k independent generators of G, O becomes
Og =∑
p
apAp ⊗ gBp. (7.5)
If ω is a state that satisfies the baby universe hypothesis, we then get
ω(Og) =∑
p
ω(Ap)ω(g)ω(Bp) = ei∑ki=1 niαi∑
p
ω(Ap)ω(Bp), (7.6)
where ω(gi) = eiαi . The action of a baby universe transformation therefore adds a phase to
the action for the gravitational path integral on an observable. In a way, it preserves the
gravitational “up to a phase”. This phase is parameterized by the real numbers αi which span
the Pontryagin dual Gˆ = U(1)k, and these real numbers are the analogues of the α-parameters
of [45].
One can then interpret the group of baby universe transformationsG as a global symmetry
group, and the associated α-parameters as topological charges. This is very close to the
context of non-Abelian gauge theories, at least in Euclidean signature [12], where similar
phase phenomena appear due to topological obstructions. Indeed, the nontriviality of the
homotopy group pi3(G) = Z, where G is any compact connected simple Lie gauge group (for
example the one of QCD), leads to similar phases in a class of path integrals. These phase
terms are of the form einθ, where n is the winding number of the gauge transformation, and
θ is the vacuum angle, which plays the exact same role as the α parameters, and labels
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the superselection sectors of the theory, in the same way as α states give rise to irreducible
GNS representations in our case. Here, the analog of the winding number is the number of
boundaries (conjugate boundaries counting negatively) added by the gauge transformation.
Note that this framework is reminiscent of the global gauge group construction in algebraic
quantum field theory (AQFT) [19]. If a quantum field theory is described in terms of its
net of algebras of observables, its irreducible representations are labelled by the Pontryagin
dual of a group, called the global gauge group of the theory. Here, the analogy would be
that the global symmetry group is the group G of baby universe transformations, and the
irreducible representations are labeled by its Pontryagin dual Gˆ of α-parameters. This group
of α-parameters can be interpreted as a group of topological charges, or equivalently, of
charge-carrying transformations.
However, in our context, one has to be careful with such a gauge group denomination.
Indeed, in AQFT, the global gauge group acts trivially on the (local net of) observables. This
encodes a global version of the general notion of a local gauge group G, which acts by gauge
transformations on the space of field configurations and can be formulated as a structure
group of G-principal bundles in the configuration space of a (classical) gauge theory. Rather
than encoding an actual symmetry, this global gauge group should then rather be thought of
as encoding a redundancy.8 Here, we have more than a gauge redundancy, as we saw that the
gravitational path integral picks up a phase when a baby universe transformation is applied,
due to the topological charge that is carried. For this reason, we emphasize that our global
symmetry group cannot really be interpreted as a gauge group, but instead encodes a global,
topological symmetry of our theory.
8 Probing the assumptions of the baby universe theo-
rem
In this section, we probe the three assumptions of Theorem 1.2, which states that when
they are put together, they lead to the validity of the baby universe hypothesis. We note
that the first assumption is, in fact, a more general condition (in the context of the setup of
holographic theories), underpinning the baby universe construction of Marolf–Maxfield.
8Local gauge redundancy is much harder to encode in the framework of AQFT, although some recent
progress has been made in [47] through the BV formalism.
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8.1 Assumption 1: the Marolf–Wall paradox and approximate en-
tanglement wedge reconstruction
The first assumption amounts to accepting the conclusions of the Marolf–Wall thought exper-
iment, which we rehearsed in 4.1. Indeed, we showed that if the different choices of AdS/CFT
dictionaries were operationally distinct, we could construct the algebra of observables of the
bulk by taking the tensor product of the boundary reservoir algebra with C∗(G), the group
C∗-algebra of the baby universe group.
In order to show that dictionaries with a different number of bulk theories interacting
through wormholes were operationally distinct, Marolf and Wall had to make an essential
assumption in their thought experiment: the near-horizon physics in the black hole interior
were supposed to be approximately reconstructed from Alice’s side of the boundary. If this
assumption is not here, the operator asking whether Alice finds a Bob-like object near the
horizon of the black hole will not be defined on Alice’s boundary only, which will invalidate
the rest of the thought experiment.
As a result, in order to fully trust the conclusions of the Marolf–Wall thought experiment,
we need to know if such an approximate entanglement wedge reconstruction result could hold
near the horizon of a single boundary black hole in a given state. For a single boundary in a
thermal state, the exact entanglement wedge stops at the black hole horizon, and nothing a
priori tells us that such a reconstruction will be possible, even very close to the horizon. In
fact, [28] show that such results could exist, but are often very nontrivial and state depen-
dent; a few years later, a similar result is shown in [23]. If entanglement wedge reconstruction
were to fail drastically even very close to the black hole horizon, the Marolf–Wall thought ex-
periment would become invalid, and the physics of the Marolf–Maxfield construction would
become unclear. We leave such investigations on approximate entanglement wedge recon-
struction to the future, and remain agnostic about the validity of the Marolf–Wall thought
experiment for the time being.
Finally, we also point out that the Marolf–Wall thought experiment is set up in a
Lorentzian context, while this discussion on baby universes is within the framework of Eu-
clidean gravity. It is not immediately clear to us why the same conclusions should hold with
a different spacetime signature.
8.2 Assumption 2: ensembles in quantum gravity
As we discussed in Section 6.1, assuming that the gravitational path integral ω is pure on the
algebra of observables of quantum gravity amounts to imposing that it cannot be decomposed
into a convex combination of other states: equivalently, it describes a single theory and not
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an ensemble, i.e. if the integral
ω = ˆ
ϕ pure
ϕdµ(ϕ) (8.1)
is reduced to a single summand, then the GNS representation is irreducible. Recent works
show that there actually exist some theories of quantum gravity in two dimensions which are
dual to ensembles [34]. In particular, Jackiw–Teitelboim gravity has recently been reinter-
preted in terms of the Sachdev–Ye–Kitaev model [33, 35, 36] and matrix integrals [48, 49].
We also constructed a general setup for the semiclassical limit of holographic models out of
the GNS representations of thermal ensembles in [14].
In [43], McNamara–Vafa use swampland arguments to argue that such examples are spe-
cific to low dimensions. Such swampland considerations might lead to a proof that a rigorous
theory of quantum gravity in high enough dimensions cannot be described by an ensemble.
For example, the original AdS/CFT correspondence [38] does not not use ensembles. How-
ever, even if it turned out to be correct, we emphasize that the second assumption on its own
does not ensure that the baby universe hypothesis is correct. It is important to note that the
third assumption is the crucial one (though not on its own) that ensures that the restriction
of the gravitational path integral to the baby universe algebra is pure.
8.3 Assumption 3: topology changes from matter interactions
The third assumption required for the baby universe hypothesis to be correct is, in our
opinion, the most problematic one. Indeed, assuming that the gravitational path integral
factorizes in the form
ω = ωres ⊗ ωbaby, (8.2)
or equivalently,
ZQG = ˆ
CFT
D[φ]e−S[φ] ˆ
baby
D[b]e−S[b], (8.3)
implies that no interaction is allowed between the regular bulk observables that can be
described from the boundary once the AdS/CFT dictionary is chosen, and the baby universe
observables.
This would mean that baby universe formation cannot be influenced in any way by any
traditional bulk process coming from the traditional AdS/CFT duality, which seems quite
surprising to us. Indeed, this would imply that the gravitational path integral completely
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decouples baby universe observables from the rest of the theory. In other words, baby universe
nucleation would not be able to arise from any bulk process that can be described by an
ordinary holographic correspondence. However, we expect that a very high quantum matter
density, which, for example, can occur inside of a black hole, may be able to bring a baby
universe into the theory. In particular, this is clearly not the case in the axion model by
Giddings–Strominger [18], where topology changes in the bulk are caused by matter fields,
or even in the Euclidean model from string theory by Dijkgraaf–Gopakumar–Ooguri–Vafa
[10], which is formulated in the context of AdS/CFT. More recently, some bulk topological
operations coming from conformal field theory dynamics have been described by Marolf in
[41]. If similar phenomena were to happen in realistic theories under consideration, they
clearly would invalidate the third assumption.
One could argue that in our case, the definition of baby universes is a bit different: it
requires an asymptotically AdS boundary and amounts to a change of dictionary. However,
it still seems quite unlikely to us that no traditional process described by a bulk to boundary
duality could be correlated in any way with the number of baby universes in the theory.
Such a statement would in particular lead to the conclusion that baby universe creation
and annihilation would be a completely independent process that does not depend on any
other type of physics. In our opinion, it is the third assumption that gives the most physical
obstructions for the baby universe hypothesis to be true in realistic models of quantum
gravity.
9 Discussion
In this section, we summarize our approach to constructing baby universes utilizing the
observables of quantum gravity to build the baby universe algebra and the associated Hilbert
space. We further explain that the validity of the baby universe hypothesis lies in the
Marolf–Maxfield construction, purity of the gravitational path integral, and the factorizability
between boundary and baby universe observables. Based on our results, we further discuss
on its implications in the context of AdS/CFT correspondence.
9.1 Summary of results
In this paper, we have shown that by shifting the focus of the baby universe discussion from
the Hilbert space to the algebra of bulk observables, one could get a rigorous understanding
of the Marolf–Maxfield construction and of McNamara–Vafa’s baby universe hypothesis. In
short, an argument similar to Marolf–Wall thought experiment justifies adding an extra
tensor factor to the (traditional) algebra of bulk observables, which corresponds to the group
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C∗-algebra of the group of baby universe transformations, which is isomorphic to Zk if k
different boundary structures are allowed. This simple form can be inferred from the sole
assumption of bulk diffeomorphism invariance. When restricted to this extra tensor factor,
the gravitational path integral induces a state on the algebra of baby universe operators. This
restricted state will yield a one-dimensional Hilbert space through the GNS representation
if and only if it is pure, which we formulate in Theorem 1.1. In particular, in Theorem 1.2,
we exhibited three physical conditions which, when combined, guarantee the validity of the
baby universe hypothesis. Pure states correspond to characters, whose structures explain
the “miraculous cancellations” of the different bulk topologies, and the moduli space of such
admissible bulk path integrals is isomorphic to a k-torus, which is a very small part of state
space. As a result, the baby universe hypothesis (or purity requirement) can be understood
as a swampland condition for the gravitational path integral, and singles out a very simple
moduli space of baby universe theories. The k-torus can be interpreted as a space of α-
parameters which label a topological charge and is the Pontryagin dual of the baby universe
group G, which can be seen as a global symmetry group for the theory.
The idea of working at the level of the algebras of observables rather than the Hilbert
space seems to be the key of the resolution of the baby universe hypothesis problem: adding
the possibility of baby universes will enlarge the bulk algebra of observables and apparently
break the traditional AdS/CFT duality; however, if the gravitational path integral is chosen
in such a way that the baby universe hypothesis holds, then this subtle difference vanishes
at the level of Hilbert spaces, as the extra tensor factor becomes trivial, and AdS/CFT is
restored. To us, this is one of the many examples that show that in order to formulate a
complete theory of quantum gravity, one should not work directly at the level of the Hilbert
spaces, but rather at the level of the C∗-algebra of observables. For example, in order to
formulate entanglement wedge reconstruction in a consistent way for systems with operator
pushing such as the infinite-dimensional HaPPY code, in contrast to state-pushing in simpler
tensor network models [30, 31], we have shown that a very similar GNS technique has to
be employed [14, 15]. Similarly, exact and approximate theorems for entanglement wedge
reconstruction work much better by reformulating the problem directly in terms of algebras
of observables, as argued in [13].
Another lesson to learn is that the GNS representation can sometimes very powerfully
collapse a Hilbert space. The case of the baby universes was, in a way, the simplest to treat,
because the relevant C∗-algebra is Abelian. However, it would also be an interesting problem
to understand the irreducible representations of more general non-Abelian C∗-algebras, as
well as the corresponding moduli spaces of pure states, in order to understand how collaps-
ing the dimension of the Hilbert space (or equivalently, the GNS representation) can be in
more general contexts, and how powerful swampland-like conditions can arise from a purity
constraint in these cases. We expect the general theory of quantum groups to be helpful in
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this more general context.
9.2 On the physical meaning of the Marolf–Maxfield construction
and the baby universe hypothesis
In this paper, we proved that the baby universe hypothesis could be inferred from three
conditions: the validity of the Marolf–Maxfield thought experiment (which also underpins
the Marolf–Maxfield construction), the purity of the gravitational path integral as a whole,
and its factorization between boundary observables and baby universe observables.
In section 8, we argued that it was far from obvious that these assumptions were satisfied
in a holographic theory of quantum gravity. While the validity of the Marolf–Wall thought
experiment can potentially be inferred from a hypothetical approximate result on entangle-
ment wedge reconstruction near a black hole horizon, and it could turn out that swampland
arguments impose realistic theories of quantum gravity to correspond to pure states in high
enough dimension, the factorization property leads to conclusions that seem quite odd. In
particular, it would imply that no interaction is ever allowed between the baby universe
observables and the boundary observables.
This main purpose of this paper was to clarify the mathematical structures underlying
the Marolf–Maxfield construction and the baby universe hypothesis. Therefore, we remain
largely agnostic about their respective physical meanings, although at least the baby universe
hypothesis seems quite at odds with intuition.
9.3 Does AdS/CFT need to be modified?
It is a controversial question whether the baby universe construction requires the traditional
AdS/CFT correspondence to be modified in the presence of a varying number of boundaries.
At the level of the C∗-algebras of observables, the Marolf–Wall thought experiment
teaches us that the formation of a baby universe, or equivalently, allowing a new bound-
ary to form wormholes with other bulks, cannot come from a CFT observable, and that an
extra tensor factor has to be added to the theory. In this sense, AdS/CFT does need to be
modified.
However, what the baby universe hypothesis teaches us is that this modification might
disappear at the level of the Hilbert space. Indeed, if the GNS representation of the baby
universe algebra is of dimension one, i.e. if the restriction of the gravitational path integral
to the baby universe algebra corresponds to a pure state, the extra tensor factor becomes
trivial once the GNS representation is performed. However, if the baby universe hypothesis
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turns out to not be true, the GNS representation of the baby unvierse Hilbert space will
not have dimension one, and the AdS/CFT duality needs to be modified even at the level of
Hilbert spaces, in the presence of a varying number of boundaries.
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